We consider the nonlinear, non-hydrostatic dynamics of seiches in small to medium-sized lakes.
While lake and ocean models come in a range of complexity and a variety of numerical methodologies, no present model can resolve motions from the lake scale down to boundary layer processes. The issue of expressing friction and drag, specifically when dealing with bottom boundary layer effects is thus a critical one. We have chosen to employ a long-accepted model for the study of stratified lake motion (Fischer et al. ) . The idea is to separate the lake into vertical layers, which provides a reasonable approximation of basin-scale internal wave effects. The classical way to drive such a model is to allow for wind to impart energy to the system through the top layer and to allow this motion to drive flow (via pressure and possibly shear stress) in the lower layers (see Imberger 
Damping
The bottom drag we have chosen to study takes the form C D |u|uh, where u denotes the velocity, and h the layer depth. The dimensions of C D are m À1 and the corresponding dimensionless coefficient is written as c D . C D is nondimensionalized by the turbulent boundary layer depth, H b (Arbic & Scott ) , a parameter that has no single universal value and may vary in space. Nevertheless, the quadratic law is a common way of expressing drag in many forms, from the classical problem of a vertically thrown ball in a fluid (Timmerman & Similarly, Pingree (), analysing quadratic friction and tides, numerically argues that the quadratic drag law is not a valid approximation of the energy drain in the system. Alternatively, Godin & Martnez () examine the effects of quadratic drag with the accepted coefficient in tidal channels and determine that this drag parameterization yields qualitatively correct behaviour. From these discussions it is clear that quadratic damping has components which are qualitatively correct (as its use has been empirically verified) but requires further research in order to fully understand the regimes in which it is appropriate.
Topography
Secondly, we present an investigation of how bottom topography alters the seiche breakdown process, and in turn affects the resuspension of sediment (and hence nutrients) into the main water column in analogy with work by Hearn et al. () on nutrient uptake from coral reefs. In many boreal lakes, the majority of the lake is nutrient poor (i.e. the lake is oligotrophic). Thus, in oligotrophic lakes, nutrient distribution is by far the limiting factor on plankton and algae growth, and sediment resuspension has the potential to enrich the main water column with profound influence on the lake ecosystem. The numerical method used throughout is based on a Fourier pseudospectral method with leapfrog time-stepping.
In the so-called pseudospectral method, derivatives are computed in spectral space, i.e. the space of the Fourier expansion coefficients (obtained with FFT), and products are performed in physical space (see Boyd () ). An exponential wave number cut-off filter is employed in spectral space after each time-step to prevent aliasing errors and Aliasing due to the nonlinear terms is controlled by the use of either spectral filtering with an exponentially decaying filter ranging from one to zero over all wave numbers larger than two-thirds of the largest resolved wave number, or fourth order hyperviscosity (see Boyd () for a discussion of the pros and cons of these alternatives). The choice of filter was not found to influence the simulations on the timescales shown. All simulations were confirmed to be grid independent via grid halving and doubling sensitivity tests, and we thus conclude that the results of the simu- In the interest of simplicity, we consider only a single-layer system here, hence modelling either barotropic motions or internal waves in the 'reduced gravity' approximation (Gill ) . The results will be presented using the language of barotropic motions with the understanding that this maps directly onto the reduced gravity case. The governing equations read,
is the total depth of the fluid column (sometimes referred to as the layer thickness), g is the acceleration due to gravity (or reduced gravity for internal waves), H is the mean depth, η is the free surface elevation (or layer depth for multi-level simulations), and The second-last terms in Equations (2) and (3) Since Fourier methods are used and the FFT is readily available, the two-dimensional spectra are easy to calculate and do not require windowing or any other similar techniques. We choose the initial conditions to be such that there is a sinusoidal perturbation of the free surface. This perturbation leads to a standing wave pattern which, in the absence of nonlinear effects and damping, would continue to oscillate and maintain a consistent spectrum.
However, both the nonlinear terms and the quadratic damping lead to the excitation of higher wave numbers. For most reasonable amplitudes, the former dominates the latter and the evolution proceeds in the following manner. The initial conditions consist of a single, mode one standing wave in the x direction and constant in the y. The surface displacement has an amplitude of 2 m (i.e. 10% of the depth of the lake). In linear theory the node of the standing wave would remain at x ¼ 0.
In oligotrophic lakes, the hypothesis that sediment resuspension substantially increases nutrient availability in the lake interior and thereby affects primary productivity is taken as motivation for the use of nutrient redistribution as a passive tracer. We have chosen to forgo 'standard' pick up schemes, which are quite complex and whose domain of validity is ill-defined (for example, the parameters in such schemes are typically fitted from steady flow data).
Instead we implement a simpler scheme that suits our For our investigations, the initial nutrient distribution is zero (i.e. a totally barren lake). The equation for nutrient distribution is:
where DN Dt is the material derivative. The coefficient of diffusion, μ N is kept slightly above molecular diffusion; this diffusive term is present to ensure numerical stability rather than due to any underlying physical motivation (e.g.
as a model of turbulence). Nutrient is introduced into the system via the source term, S, when the kinetic energy of Both systems exhibit some steepening, however neither system displays any breakdown in wavefronts or wave train formation. At the later time, the undamped system (red, or grey in printed version) has steepened and formed a finite amplitude wave train while the damped system (black) has also steepened and begun the same process, but has not yet degenerated into a wave train. Please refer to the online version of this paper to see this figure in colour: http://www.iwaponline.com/wqrjc/toc.htm.
the flow exceeds a certain threshold. This threshold is chosen fairly arbitrarily based on the expected velocities induced by a certain initial perturbation. The equation for the nutrient source is: 
RESULTS
We We begin by considering the simulation at early times.
Since the system is initialized with a standing wave, we expect the initially induced velocities to be the highest, and thus the initial wavefront deformation to be the most dramatic. At time 0.7 T (Figure 2) , we can clearly observe black circles (on the x axis, near the origin) in the plots of the power spectrum. Note that the spectrum disperses rapidly in both the east-west and north-south (k and l respectively) directions. It is quite clear that there is a much more substantial spreading of the spectrum in the east-west direction (i.e. much more energy goes to the small scales as the wave train forms). This would often be labelled a 'cascade' in analogy with the cascade in turbulence theory. The term 'cascade' is perhaps ambiguous here as no actual turbulence is present in the simulations.
It is important to note that there has also been some spreading of the spectrum in the north-south direction, which implies deflection about the region of high damping and some measure of structure in the direction perpendicular to the dominant direction of wave propagation.
Consistent with the results in Figure 3 , once the initial wave deflection has occurred, it is difficult to detect any subsequent wave deflection. This is probably because after the initial large wave the nonlinear effects take over and the subsequent velocities are sufficiently reduced that total deflection is not significantly altered.
Small shoal
We begin the investigation of flow over topography by considering a standing seiche breaking down over a rectangular, shallow region of relatively small areal extent, with a depth reduction of 50%. As mentioned above, the purpose is to present a process study where we wish to include the effects of topography, but not breaking over topography.
The system begins its evolution as a linear standing wave, but rapidly begins to steepen. Velocities over the shallow region are increased, while wave speeds decrease, with a resulting bending of the wavefront. By 6 T ( Figure 5 ) we can observe that the surface wave has degenerated completely into a nonlinear, dispersive wave train. Namely the nonlinear aspects of the dispersive shallow water equations have done their job and the wave has steepened and broken down as in the simple, one-dimensional case discussed in the Methods section. Of more interest, however, is the deflection of this same wave. If we consider the deflection as before (right panel in Figure 5 ), we can see that we have a great deal of deflection at the points of steepest topographic slope (especially the corners). Since the wavefront at this time is found away from the shallow region, not much deflection is evident around the topography, as expected.
Large shoal
We now consider flow over a smoothed square with a large area of shallow depths (one half of the maximum depth).
The addition of nutrients (a passive tracer in our simulations) to the system will allow us to examine the past behaviour of the wave, as well as the regions flagged as high velocity and thus of most interest. The initial tracer concentration is zero, thus all nutrient in the system must be resuspended due to wave velocities.
From Figure 6 we can see significant deflection of the surface height at early times (indeed much greater in this case when compared with the small shoal case). The nutrient resuspension at this time is almost negligible (not shown), since the initial velocities have not yet increased enough, and indeed this was the case for the small square case. Specifically, we do not find dramatically more resuspension compared with the small square case, as we might have expected if the resuspension was related strictly to the surface area of the shallow region.
Letting this system evolve in time, we can see similar behaviour to that shown in Figure 4 for the small square case. Figure 7 shows the surface height and deflection at 6 T.
Regions of focusing can be seen in red in the left panel, while large, north-south velocities are evident as bright regions in the right panel. Note that some of these occur in unexpected places, and this can have implications for nutrient resuspension and transport. A similar story can be seen in the right panel of Figure 7 , which shows the deflection. In particular, the deflection is maximal at the points of steepest topographic slope, and not as much over or around topography, as expected.
The deflection seen here is significant near the edges of the topography, which begs the question of whether the orientation of the topography plays a role in the deflection of the wavefront, or whether it is the reduced wave speeds over the shallow regions that are responsible. To answer this, we will consider deflection about rotated topography, below.
From Figure 8 we see that by 6 T, there has been significant nutrient resuspension and distribution throughout the As the most common application of numerical models is to compare with point measurements, we seek here to generate artificial experimental data to emulate what a measuring station would observe. The goal is to provide another means of demonstrating the cascade from basinscale to high frequency effects. We consider three points throughout the domain and around the topography. Figure 9 shows the placement of the 'data sites' where we will consider kinetic energy and nutrient distributions. While we expect our data to exhibit variation on many time-scales, we do not expect it to be as 'noisy' as real world data would be. This is partly because our artificial data do not have measurement error associated with it, and our model has no parameterizations (for mixing, for example) or stochastic elements (for wind forcing, for example). Thus any observed variations in the measurements must come from the basin-scale seiche breaking down into high frequency wave trains. Also note that unlike the Lake Kinneret The data point in the deep region, well away from the shallows and near the lake boundary, shows that the nutrient levels there are triggered by discrete events, and only for late times. This implies that it is only when the nonhydrostatic wave train is formed, passes through and reflects off the lake boundary, that resuspension takes place. From the kinetic energy profile it is also clear that at the chosen location and at one of the 'measured' times the resuspension threshold is never reached. This suggests that model integrations, with their lakewide data coverage, allow for the identification of sites more likely to exhibit sediment resuspension. Moreover, it presents a unique aspect of the problem of measurement, namely that in order to capture the basin-scale resuspension behaviour, a large quantity of measurement sites is required.
Additionally it is very difficult to analytically show the deflection of the wavefront from sparse measurements. In contrast, the kinetic energy snapshots (as is visible in the kinetic energy snapshot in Figure 9 ) clearly demonstrate this effect.
Rotated topography
Now we examine a topography identical to the large square in area, but rotated 45 degrees, so that the leading edge of the wave first reaches the corner of the topography. This set up of topography is also symmetric about y ¼ 0.5, although as we shall see, there are significant differences that arise from orientation. This is done to consider whether the deflection caused by the presence of topography can be significantly altered by the orientation of the seiche with respect to the topography. Note however that the average depth of the domain is unchanged from the large square case.
At early times ( Figure 10) we can see that, while the surface shape and the deflection are both slightly different from the large square case, the differences are not dramatic. In particular, we can see that the node deflection is quite similar to the large square case.
At later times (Figure 11 While there are some small differences in the kinetic energy profile of the rotated case and the large square (not shown), the overall structure is also very similar. The key difference between the two is that the regions of high kinetic energy, and thus highest nutrient resuspension, occur not near the centre of the topography, but at the north and south edges.
If we consider the nutrient distribution at time 6 T ( Figure 12) , we see that the regions of nutrient generation have effectively flagged regions of high velocity.
Additionally this distribution demonstrates the flow's abil- essentially imperceptible. However, it is our belief that this represents an unrealistic damping parameter, and so we did not explore this scenario in detail here.
In our two-dimensional simulations we discovered that there is a natural tendency in the flow to divert around the regions of highest damping. In this way, regions of high friction tend to influence the flow in a similar manner to bathymetry, diverting flow and inducing a bending of the developing in wave trains from a direction aligned with the winds that forced them.
In the section concerning the impact of bathymetry on flow characteristics, we saw, as predicted, that topography has a significant effect upon both the dynamics of the flow and on the subsequent nutrient distribution. Having chosen an a priori threshold velocity which is just barely triggered by the flat-bottom case, we can clearly see the areas that are most influenced by the addition of topography.
Bathymetric hills and valleys can thus have a profound influence on the lake ecosystem. Indeed the presence of even the geometrically simple topographical features presented herein dramatically alters the dynamics of the system as well as the nutrient distribution and dispersal.
The nonlinear and non-hydrostatic nature of the model is quite clearly visible in the degeneration of the original seiche into a wave train. Note however that while we have observed how the wave train can modify the nutrient distribution in the lake, it is the initial long waves that are responsible for the bulk of nutrient resuspension in the shallow regions. We found that in the shallows the long waves are responsible for the bulk of the sediment resuspension, with the eventual wave trains only playing a secondary role. In the deep regions it is the nonlinear, non-hydrostatic wave trains that were the only cause of resuspension. In future work the present simulations will be contrasted with process studies of internal wave phenomena that can lead to more sediment resuspension than the above-men- 
